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Abstract. In this paper, a generalized 2 x 2 Schridinger spectral problem and N x N
reduced matrix Schrddinger spectral problem are considered. The corresponding
hierarchies of nonlinear evolution equations are derived.

1. Introduction

A central and very active topic in theory of integrable systems is to search for as
many new integrable systems as possible. During the past twenty years or so, much
attention has been paid to the following spectral problem (see {1-11] and references
therein):

v, =Uy (1)

where U = ey(A) + uye (M) + - +u e (), ;(A) (i = 0,1, -, p) belongs to a loop al-
gebra G®C[A, A7, and u; (i = 1,...,p) is taken from the Schwartz space S(—o0, 00).
Compared with (1), the study of other kinds of spectral problems has received rela-
tively little attention. In [12], Calogero and Degasperis considered the following matrix
Schrodinger speciral problem:

Yo = (M + U 2

where I is a N x N unit matrix and U is a potential matrix. In [13], Levi considered
the following matrix spectral problem with a non-diagonal eigenvalue:

= [U30 2] 3

and derived a hierarchy of coupled KdV equations which contains among its members
the Hirota-Satsuma equation

U, = _i—(_uzz'x + 6uuz - 12¢¢x)
¢t _%(érz‘x - 3u¢a:)'

In this paper, we shall consider two spectral problems. In section 2, a generalized
2 x 2 Schrodinger spectral problem and the corressponding hierarchy of integrable
systems are presented. A hierarchy of nonlinear evolution equations connected with
the N x N reduced matrix Schrodinger spectral problem is derived in section 3. Finally,
concluding rematks are given in section 4.
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2. A generalized 2x 2 Schrédinger spectral problem and the corressponding
integrable equations

A generalized 2 x 2 Schrédinger spectral problem under consideration is

_ _|re+s u
T AW @)

where u, v, 5, ¢ — ¢y € S(—0c0,00), ¢, is a non-zero constant, and ¥ = (¥,,%,)T.
In order to derive nonlinear evolution equations connected with (4), we impose an
auxiliary spectral problem on 1, of the form

¥, =V 4+ Wy, (5)

By requiring the compatibility of equation (5) with equation (4), we obtain the fol-
lowing two matrix equations [13]:

U=V, +2W U +WL, +[V,U] (6a)
774 Lo L7 1l —n -7 8
I’YIITAYI‘FlI’!’,UJ_U \UU}

We now derive nonlinear evolution equations connected with (4) via the following
steps.
First we consider the stationary equations of (€),

V 4 2W I+ W Vi =q {72}
Fae VBTN TRV WYY TN Vi

W, + 2V, + [W,U] = 0. (7h)

We take

h——
S
i

| —)

[y 1IR~1]

2l o
—_—

Then (7) becomes

G, + 20, +vb—uz=0 (8a)
= L Y BT L n QLY
8,, +2d, +ué—~vb=0 80)
b, +2b=0 (8¢)
e, +2=0 {(8d)
ag +2a(Ad+s) +2vb, +a(Ad, +s,) +v b+ vb—uc=0 (8e)
d., +2a, (A +s)+2ué, + @8(A¢, +s )+ u+uc—vb=0 (8f)

by +2b,(Ad+ 5) + 2ua, + b(Ag, +5,) +u @ +ula—d)=0 (8g)

Cop + 20 (Ao + sy +2va, + (Ao, +s ) +va+v(d—a)=0. (8h)
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Notice that (8) is an overdetermined system of equations with respect to a, b, ¢, d, @,
b and ¢. We can easily verify that (8) is compatible. In fact, it follows from (8a) and
(8%) that

(a—d),, + (vh—u), = 0. 9
By the use of (8f), (8¢), (8d) and (9), we have
a,, + 28, (A + 8) + 2vb, + @(Ag, + 5,) + v, b+ vh — uc

= (a —d),, + 2vb, + v, b+ 2(vb — uc) — uE, — u,&

=(a —d),, + (vh - ud),

=0

which means that (8¢) can be deduced from (8a)-(8d) and (8f), i.e. (8) is compatible.
Substitution of the expressions

-2l

a,  +2a, + vh,, —ué, =0

(=1

m

o &
=1 -]

o LR e B o [ P

m m

)

into (8) yields

8y, +2d, +ué, —vb, =0
f_)m: +2b,=0
Cm, +2¢, =0

O, + 208,41 + 258, + 20, + @8,y + 8.8, + b, + Vb, —uc, =0
d,  +268,,, +2s8,, +2ul, 4,8, +5,8, +u iy +uc, —vh, =0
bn,, +20b, .y +2sb, +2ud, +é.b, . +s,b, +ud, +u(a, ~d,)=0
Cm,, T 208, + 258, + 208, + 0,8, +5.8, +va, +u(d, —e,)=0 (10)

In order to fix the integral constant arising from calculation, we define the rank for
8f8x, u, v, s and ¢ as follows [7, 8):

a
rank (3_.1:) =1

rank{u) = rank(v) = rank(s) = 2
rank(¢) =0

and follow the homogeneous rank convention: both sides of an equation have the same
rank. )
We now give the first few of 6,6, ¢ ,a b ,c_andd  intwo cases.

m’ m? m?* m? m? m
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Case a
8= a7t by=p¢7 gy =y
by = %ﬁl‘#"a!%z Cq = %’fl"ﬁ-aﬁ‘?&x
Go = ia1¢'3m¢x + é@'l[(‘ylu - ﬁ1“)¢—3/2¢1]
dg = %a1¢v3l2¢x — 387 (mu~ ﬁ1v)¢—3"2¢,],-

where a,, 8; and v, are constants and |o,|? + |8;] + |v; | # 0.

Case b
=by = =by=c, =0
@y = o, = constant  dy = f#, = constant o] 4 |Byf? £ 0
a, =0 by = 3B, — ay)e~t 207 (¢~ )
& = 3oy — Bo)8 7207 g™ ), ..

In general, we have the following recursion relation:

— i - T — T =
(am+1sbm+1 * cm-i—l) = L(am’ bm’ cm)T

where L = (L;;))¢; 1¢5 2nd

11 — ¢,—1/2a 1¢—1/2(163 998 — S.-z;) le — %¢—1/28—-1¢—-1j2(_

Lg= 507207197 3 (—ud — Ju,) Ly = §97Y%07 97 A (209 — u,)

(11)

Lyg = 3671207 ¢ YL 250 —s_ +udlv) Ly, = 1¢m 297172 (—ud )

Ly = 3671207173 (=200 — v,) Ly = 3471207197} (—ud 1)

Lyz= 1471207 ¢~ VH15% = 258 — 5, + v@ ).

Secondly we set

v e, +a, 2w [ 4],
i=0 ¢ 1

W = (A" W), +A4,, ZA“ [‘; g*]+A2n
i=0
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whete 8, is an arbitrary function. Then, from (4) and ¢, = Vg + Wiy, we can
deduce a hierarchy of equations

0, =206, + .6,

n

s, = -—2¢&n+1: — ¢p8n 4y — %—6%" + 2.‘;15ﬂ== + 8,6,
Y= —Qd’gn%-l, - ’rﬂzgﬂ-{-l +2ub, +ud,
vi,. = —2¢En+1, - .‘I."Eﬂ-l-l + 2v6n, + U:‘Sn (12)

where @,.,, b,,, and ¢, , are given by recursion relations (10). In particular, if
we choose ¢ = 1,6, = 0, then we have two hierarchies of equations respectively

corresponding to two different choices of @y, by, &y, ay, by, ¢, and d.
The first. hierarchy is

(s,u,0)L = JL**Y(ay, 8, %)

The second hierarchy is

(s,u, )Y =JL™(0, X8, — 0.)d u, Lo, — 3,187 INT
Ay Ty A LN 2 s LI Y £ Ll I
where
[ -28 ¢ 0
J=] 0 =28 D
0 0 —-28
o [-fee-L, -%o-ia-lua —%iu-}‘a-lua
L= —lu—%ﬂ“lua %62—%3——8‘133-}-%8_‘118"0 —2otuply
—50—58‘106 —55_11.'3'10 %82—%5—58"36+%8'1va_1u

Remark. The spectral problem (4) with ¢ =1 is just a 2 x 2 reduced Schrodinger
spectral problem. Note that the ¢ in (4) guarantees that the nonlinear evolution
equations (NLEE) (12) connected with (4) contain an arbitrary function §, which also
appears in the NLEE connected with the Giachetti-Johnson spectral problem [8)].

3. Nonlinear evolution equations connected with the N x N reduced
Schrodinger spectral problem

In this section, we shall consider the reduction problem of (2). It is easy to see that the
number of potential functions increases quadratically with N in (2). It is of practical
importance to find reduced spectral problems where the number of petential functions
is considerably less than N2. In the following, a number of such reduced systems will
be presented. To this end, weset e; (1 = 0,...,n) as an N x N matrix, and e, = I as

a unit matrix. Further we assume that ¢; (i = 0,...,n) is linearly independent and
the linear span of {e; }I., is closed under matrix multiplication, i.e.

e,.-ej :Zciﬁ-ﬁk . (13)
k=0
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where cfj is a constant. We consider the following N x N reduced Schrodinger spectral
problem:

Yoo = Uy
n
U= /\Co -+ Z Uu;€; (14)
i=0
where u; € S(—oc,00) ( =0,...,n). In order to derive nonlinear evolution equations

connected with (14), we impose an auxiliary spectral problem on ¥ as in section 2,
Y, =Vy+ Wi, (15)

By requiring the compatibility of equation (15} with equation (14), we get the following
two matrix equations:

U, =V, +2W, U+ WU, +{V,U] (16a)
W, +2V, +[W U] =0. (16b)

We now derive nonlinear evolution equations connected with (14) via the following
steps.
First we consider the stationary equations of (16)

Ver +2W, U+ WU, +[V.U] =0 {17a)
W +2V, +[WU]=0. {17b)
Set
V= iaiei W = iﬁie‘.
i=0 i=0
Then we deduce from (17) that

n n
a,, +20 + > Y au(CE-CH)=0 k=01..n (18)

i=1j=1

. n n n it
G + 20 Fuo)iy, +23 D 4G+ DY ;O

i=0 j=1 i=0 j=0

n n
+3 Y au(Ch-CE) =0 k=0,1,...,n. (19)
i=1j=1
Substitution of

a, = i ai'm)A-—m ak — i agﬂm)A—m

m=0 m=0
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into (18) and (19) yields

a7 = 33" - L 3" w(ch - chya™ (20)
i=lj=
n n
R P upa@l™ — Y3 wckal™
i=0 j=1
n n n k1]
-3y 3w Cha g™ LSS u ek -k Jal™. (21
=0 j=0 i=1j=1

We now begin the recursive process with two different choices of a( ) and aﬁ"’
(k=0,...,n).

Case a
n
&E,O)_akzconstant k=0,...,n Z|ak|29ﬁ0
n n
49 = -4 323k - Chjmds
i=1 j=1
Case b

6&0} =0 aio) = 3, = constant k=0,...,n z 8.2 # 0.

k=0

In general, we have from (20) and (21)
(agr+Y, L 26t INT = p2al™ ., 2a(m)T

where L = (Lkr)ogk,lsﬂ' and

Ly = 36,0 = 1(1-6y) Z( — Cf;)0u;07!
—&uy— 3 Chu; =33 Chu; 07!
i=1 j=0
+3(1 - 5:0)2((7:,

~H1=8) Y S T(CE - CEY(CE, - Gy 07 w07

i=lj=1r=1

5 _{0 k#l
Tl k=1



238 Xing-Biac Hu

Set

yim — (A™V), ZZ)\m i {']

i=0 k=0

wm = W), = ZZ)\”‘ iae
Then from (14) and ¢, = My 4 Wi | we can deduce a hierarchy of equations

(uO: e un)fm = _(26{()T+1): sy 2a£;r:+1))
where a{mH) (k =0,...,n) is given by (18) and (19). Corresponding to two different
choices of a ) and &5:0) (k=0,...,n), we have two hierarchies of equations:
(‘UG, R | uﬁ)iTm

n n
= L™ (%ZZ(C" +ChYogu; _ — % D (CH = C(Cip — Co)onu;87 My,
§i=D j=0 1gijlpgn

n n T
AN O+ Cl)oguy_ -4 DT (€ - CR( :‘,,—C;;;)a,u,-a-‘u,,) (22)

i=0 j=0 14,3 L p€n

T
(ug, ..., u, (ZE cg-c;’,.)ﬁ,.u,.,...,ZZ(cg-c;.)ﬁ,.uj) . (23)
i=l j=1

i=l j=1

Note that the spectral problem (2} is a special case of (14). Therefore, we can obtain
the corresponding integrable hierarchies connected with (2) from (22) and (23). In the
following, we give another example as a concrete application of the obtained results.

Choose
L[ o 10 _fo o
°= g 1 ‘L5010 0 2711 o)

The spectral prablem in this case is

Ayt 0
w,,_[ o M%]w. (24)
We have
1 =10
ct - =
Di CID {0 121’2
0 i=02
Cl=cl = ’
0 i0 {l ?’:1
0 1=0,1
Cz.zc?::{ !
[113 i) 1 2=2

Clll = 0221 =L (25)
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The corresponding hierarchies of nonlinear evolution equations connected with {24)
are (22) and (23) with {25), which can be merged into the following hierarchy:

™" QpUpy
= im gty oty ooty 26
- . 2“"0:1 §QaUy, + g + 50y Jugy
tm +3u 87 aguy — aguy ) + Fruy — B u,

where L = (L.'j)ogs‘,.f@ and

Loy = 0% —up - bup 07! Loy = Ly =0

_ 1 -1 _ 172 1 -1_1 -1
Lijg=—uy -3y, 0 Ly = 4‘1‘3 —up—uy — 35,0 51,0
_ . 1 -1
L,=0 Lyg = —uy — 5u, 0
_ 1 -1_1 1, -1, a-1
Ly = —50u07" — Juy — qu, 07 u,d

— 152 1 -1 -1 ~1, -1
ng*-f]q‘a -ty — 3,0 "'i'"lza _jz'”l‘*'i}“la uy 077

4, Concluding remarks

In this paper, we have derived the nonlinear evolution equations connected with the
matrix Schrédinger spectral problem. It is of both theoretical and practical value
to find as many new integrable systems as possible and to elucidate in depth their
algebraic and geometric properties. In theory, it will greatly help to formulate a
criterion for integrability, which is a long-standing open problem; and in practice it
will provide us with dozens of nonlinear evolution equations, which are of potential
value in physical applications. Such an example is that integrable equations derived
by Wadati et al [9] have been found to describe transverse oscillations of elastic beams
[14]. Therefore, it is possible that the evolution equations derived in this paper will
find physical applications. In addition, the algebraic and geometric properties of these
new equations should be considered, which still remains to be done in the future.
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